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Problem statement
Hessian of a n-player game with parameter w:
— T
where 5 refers to the dynamics of the game (or simultaneous gradient)

Decomposition of the Hessian:
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|ldea of the game dynamics adjustment by
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The dynamic ¢ is a Hamiltonian vector field, since it conserves the level-sets of the
Hamiltonian H



Quadratic case

All losses are quadratic = ¢ = Gw, Nash equilibrium is w = 0 (if exist)
Wn+1 = Wy + lr Gw, converges, but what about wy4+1 = wy, + Ir(Gw, + ¢€)?

Convergence means, that lim Elwy,] =0 and X[w,] is finite (equivalently E[w?] is finite)
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Stationary noise

M |e] and X[e] doesn’t depend on w
deterministic case wyp4+1 = Qw, (Q = I + Ir G) converges (p(Q) < 1)

what about w,4+1 = Qw, +¢ 7

1) Elwpy1] = QE[wn] + lrE[e] = QFE[w,] converges to zero
2) L{wpa1] = QE[w,]QT + Ir?X[e]
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Qilr22[€]Qz’T 2 Gl p2i(Q) pointwise = X[w,] is finite



Non-stationary noise
Our example is one-dimensional:

Wnpi1 = (1 +1lr 9w, +Ilrew, EkEw,]=0

Elwy 1] = Elwy]((1+Ir g)* +Ur® E[e?)])

Ir e [O, 92;—29[52]] both dynamics converges

Ir € [;,Jr—é[g], 7 } deterministic dynamic converges,

stochastic diverges

lr > _72 both dynamic diverges



We can calculate final covariation analytically!

Soo = > QUIr*S[E]Q
1=0
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Done!
Can be applied for arbitrarily dimensionalities.



Example of final distribution

Some properties:

Wpy1 = Quw, +Ilre
Q=I1+1IrG
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1—p2(Q)
PQ ~ 1—Ir

e o lp
Aw ~ lr

2

Yoo ~ (Amplitude of noise)
Aw ~ Amplitude of noise



Simple two-player game

Lets consider Player 1 and Player 2 with the respective loss functions:

1 1
ll(x,Y) = §x2 + IOxy, lz(x,y) = _Eyz + loxy

In this game Player 1 controls the variable x and Player 2 controls y respectively.

The simultaneous gradient is given by:

sl, 6l
E= (=, =2) = (x+ 10y, =y + 10x)
ox Oy



SGA convergency

Learning rate = 0.005
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Simple four-player game

. £ i
Vi(w, e.8) = é'wz + wz + wy + wz

€ .
l(w,x,y,2) = —wx + 5:1:2 +zy +x2

€ -
la(w,2,y,2) = —wy —xy + 5y° +yz
€ -
ly(w,x,y,2) = —wz — 2z — Yz + §Z2’

Simultaneous GD
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Rock-paper-scissors experiment

1-round game with simultaneous GD
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Probability of player 1 taking action 1
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Rock-paper-scissors experiment

1-round game with symplectically adjucted GD
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Rock-paper-scissors experiment: eye candy
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Experiments: GAN

The goal is to learn Generator approximate 4x4 grid of Gaussians distributions:

mén mg.x V(D,G) = Ezp,.(x)llog D(x)] + E,,_(2)[log(1 - D(G(z)))). -
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Hypothesis: SGA accelerate convergence and eliminate mode-collapse
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Experiments: GAN

Without SGA
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Job to be done

e Perform experiments with real stochasticity in policy gradient methods
e Compare SGA and Unrolled GAN for mode-collapse elimination
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